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Getting started with Numerov's method
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Second-order ordinary differential equations of the Numerov (yppdirst derivative and the given
function linear in the solutiomare common in physics, but little discussion is devoted to the special
first step that is needed before one can apply the general algorithm. We give an explicit algorithm
to calculate the first point of the solution with an accuracy appropriate to that obtained with the
general algorithm. ©1997 American Institute of Physids$S0894-186€27)01605-2

Numerov’'s method is an efficient algorithm for solving However, we can replace the second derivativé-diy a

second-order differential equations of the form
2

d<y
B2 =Y+ VX)y. 1)

Particular examples in physics of this type of equation are
the one-dimensional time-independent Sclimger equa-

tion,

d?y 2m
e - 7 VO —Ely, 2

and the equation of motion of an undamped forced har-

monic oscillator,
d2
m d—Xz=fo cos wx—Kky. ©)

In addition, Poisson’s equation may reduce to this form
when the charge distribution is sufficiently symmetrical.

The important features of E@L) for the application of

difference equation similar to E4), giving the final result

for Numerov's algorithm,

h2
Zyn_yn—l+ 1_2 (Un+1+ 10Fn+ Fn—l)
= +0(h8).
yn+l B Vn+1h2 ( )
12
(7
It is in this step that we require the LHS of E@.) to be
linear iny.

The efficiency of Numerov’'s method lies in the fact
that one obtains a local error 6f(h®) with just one evalu-
ation of U andV per step. This should be compared to the
Runge—Kutta algorithm that needs six function evaluations
per step to achieve a local error ©f(h®).!

It is immediately obvious from Eq.7) that we need
two previous values of the solution in order to calculate a
new one. Therefore, we must address the question of how

Numerov's method are that the first derivative is absent and to start the calculation. We suppose that we have, as initial

the left-hand sidéLHS) is linear iny. To obtain a finite-

conditions, the value of the solutigry, which allows us to

difference scheme, one uses the centered-difference equaealculateF,, and the gradieng;. In order to calculatey,

tion,

h2 d2y h4 d4y .
Y= 2Ynt¥n2=2| 3 gt gy g FOM ).

4

wherey,,=y(x,) and we suppose that tkxg are uniformly

spaced with a separation bf If we denote the LHS of Eq.

(1) by
F=U(X)+V(X)y, (5)
then, by combining Eqg1) and (4), we have
h* d°F
Yn1=2Yn=Yn1Th?Fnt 5 5oz n+0(h6)- (6)
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with an accuracyO(h®) we needy, with this same accu-
racy. It is sufficient, however, to calculage with an accu-
racy O(h®) because the global error of the algorithm is
O(h®) and we calculate; just once.

The best that we can do to calculatg from scratch,
without doing any analytical differentiation, is to use the
Taylor series expansion,

2 h3 4
Y1=Yot+hyp+ 5 Fot 30 Fot ar Fg+0O(h), (8

and truncate the series after replacing the first derivative
with

| F1—F
Fo=—"r—+0(h), (9

giving
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h?2 =yo+hys+h?(aFy+bF,+cF,). 11
yo+hy5+E(U1—2Fo) Y1=Yothyp+h“(aFq 1 2) 11

yi= V2 +0(h%). (10) The constants, b, andc have to be chosen such that' Egs.
_ 1 ) (8) and(11) agree, which we do by expandifkg andF, in
6 the Taylor series about the origin. This gives
Use of Eq.(10) as a first step could result in the loss of a 2
factor ofh in the global error of the solution. y1=Yo+hys+ i (TFo+6F,—F,)+0(h%. (12

It is clear from Eq.(8) that what is needed is some
means of estimating the second derivativeFgf The lit-

erature is not very helpful on this point, as there is often no The standard Numerov step to calculgieis

discussion of this. One suggestfofiis to calculate, ana- h2

lytically, the second derivative df, which is not always 2y1—Yot 75 (U +10F+Fy)

practical. Anothef;®is to calculatey; according to Eq(8), y,= 12 5 +0(h%). (13
without including F| or F{, and then uses the standard _ ﬂ

Numerov algorithm to obtain a first estimate fps. This 12

can then be used to estimate the valueF¢f One then
enters a cycle of iteration until the values pf andy,
stabilize. In fact, as we will show, such a cycle of iteration

Equations(12) and (13) form a closed set of two linear
algebraic equations for,; andy,. We can write

is not necessary. Finally, one can use a single step of a a1y, +aiy,=b,
different self-starting algorithm to obtaiy; and then ’ (149
switch over to Numerov’s methdd. An1Y 1+ Aoy, =Dy,

Let us suppose that we have somehow obtained a first
estimate fory, that will allow us to estimat&,. Using the  with a;;=1—V;h%4, a;,=V,h?%/24, ay,;= —2-5V,h?/6,
values ofFg, F1, andF, we can estimat&j and hence,  a,,=1—V,h%12, b;=yy+hyj+h?(7F,+6U,;—U,)/24,
obtainy; with the required accuracy, that is to say, we seek andb,= —y,+h?(Fo+10U;+ U,)/12. The solution foy,

to calculatey, in the form is
|
V,h? ) oh?\  h? h*v,
B a22bl_a12b2 _YO(J-_ 24 +hy0 1- 12 +ﬁ(7FO+6U1_U2)__36 (F0+2Ul) (15)
Y apan—ands - V,h? N V,Voh? ’

4 18

andy, can be calculated with Eq13). The importance of Eq.15) is that it givesy; with the required accurac®(h®) so
that there is no need for either iteration or analytical derivatives.

REFERENGES 3. W. E. Milne,Numerical Solution of Differential Equa-
tions (Dover, New York, 1970 Sec. 39.

1. W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. 4. S. E. Koonin and D. C. Meredit@omputational Phys-
P. FlanneryNumerical Recipes in FORTRAN: The Art ics FORTRAN Version(Addison-Wesley, Reading,

o : . . MA, 1990, Sec. 3.1.
of Scientific Computing2nd ed.(Cambridge Univer- 5. F. ScheidSchaum’s Outline of Theory and Problems

sity Press, Camt_)ridge, 1995ec. 16.2. . of Numerical Analysis(McGraw-Hill, New York,
2. B. Noble,Numerical Methods, Volume II, Differences, 1968, p. 232.

Integration and Differential EquationgOliver and 6. A. L. Garcia, Numerical Methods for Physics

Boyd, Edinburgh, 1964 Sec. 10.9. (Prentice-Hall, Englewood Cliffs, NJ, 1984Chap. 2.

COMPUTERS IN PHYSICS, VOL. 11, NO. 5, SEP/OCT 1997 515



