Antenna Arrays
Calculating the far-field, electromagnetic radiation pattern for arrays that
repeat in the x, y and z directions.
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Initialise
Achieving Gain from an Antenna Array
We can calculate the power flux density that would be produced by an isotropic antenna at a distance (r)
from the antenna by dividing the total transmitted power (Ptx) by the area of a sphere with radius (r):

Ptx

(2.1)

And so the power flux density that would be produced by an antenna with gain (Gantenna) over an
isotropic radiator would be:

(2.2)
We can also express power flux density in terms of the magnetic field strength (H) and wave impedance
(Z):

(2.3)
And so the magnetic field strength (H) at a distance (r) from the antenna will be:

(2.4)
If we build an array of (n) such antennas, the power delivered to each antenna is reduced by (n), but
providing that we are able to find a point in space where the fields from each antenna add in phase, the
resultant field strength will be:

(2.5)
So the maximum possible power flux density that can be produced by the array is:

(2.6)
Yielding a maximum possible array gain of:

(2.7)
Equal to the number of array elements.

Array radiation pattern - a simple approach that doesn't quite
work
The following illustration shows a two-dimensional, four-by-four array of Isotropic radiators in the x-z
plane. The array comprises elements spaced (d) apart, with (A) elements along the x-axis, (B) elements
along the the y-axis and (C) elements along the z-axis. The element in the bottom left-hand corner is
element number a=c=1 and the element in the top right-hand corner is element number a=c=4. The
illustration shows a two-dimensional array (with B=1) in order to avoid cluttering the diagram. But in
general, the array could also repeat along the y-axis.
Position vector (P) is the vector from the origin to our observation point and position vector (A) is the
position vector from the origin to the array element of interest.

In the interests of symmetry, we will ensure that irrespective of the size and shape of the array, the array
will always be symmetrical about the origin. For example a single element array (with A=B=C=1)
would be located at the origin, whereas an eight-element array (with A=B=C=2) would be positioned
with the origin at the center of the cube and with each of the eight array elements positioned at each of
the eight corners of the cube.
We can accomplish this using the following Cartesian coordinate expression for the array element
position vector (A):

(3.1)
We shall use spherical coordinates to express the observation point position vector (P), because
spherical coordinates are better suited to considering radiation patterns:
(3.2)
At this point it is convenient to assume that each of the array elements will be excited in phase. The
phase of the signal from each of the array elements arriving at the observation point will therefore
depend only on the path length from the array element to the observation point. For a single isotropic
radiator located at the origin, the path length would be equal to the length of the position vector (P),
which is (r).
For an array element located at (A), the path length would be equal to the magnitude of the vector |P-A|
and so the difference in path length can be calculated as follows:

(3.3)

(3.4)

The phase difference between a signal from the array element at (A) compared to a reference isotropic
antenna at the origin can be calculated as follows:

(3.5)

And so the magnetic field arriving at the observation point from each array element will be:

(3.6)
Whereas, the signal arriving from an imaginary isotropic radiator at the origin would be:
(3.7)
And so we can construct an expression for the array element phasor that has been normalised against an
isotropic radiator at the origin:

(3.8)
We are now in a position to calculate the sum of the contribution of each array element by summing
over the array. Since the ElementPhasor represents field strength, the gain of the array will be the square
of the magnitude of this sum. By way of example, the array pattern produced by a pair of isotropic
radiators spaced half a wavelength apart along the z-axis will be:

This looks exactly as expected. The array has a gain of two in the x-y plane where the signals from the
isotropic radiators add in phase, but no energy is radiated along the z-axis where the signals from the
isotropic radiators combine in anti-phase. Notice that the magnitude of the ElementPhasor has been
divided by the square root of the number of array elements in order to share the available power between
the array elements.
But the model does not deliver the expected result when the separation distance is reduced to zero:

This configuration appears to have a gain of two in all directions and this cannot be correct. In order to
understand why the model has failed, it is helpful to consider how antennas radiated electromagnetic
energy.

Co-located antenna elements with strong mutual coupling
The Helmholtz Decomposition Theorem states that providing a vector field, (F) satisfies appropriate
smoothness and decay conditions, it can be decomposed as the sum of components derived from a scalar
field, ( ) called the "scalar potential", and a vector field (A) called the "vector potential".
F = -V + V#A
And that the scalar ( ) and vector (A) potentials can be calculated from the field (F) as follows (image
from https://en.wikipedia.org/wiki/Helmholtz_decomposition):

Where:
r is the vector from the origin to the observation point (P) at which we wish to know the
scalar or vector potential.
r' is the vector from the origin to the source of the scalar or vector potential (i.e. a point
on the Hertzian Dipole antenna).
V'·F(r') is the Divergence of the vector field (F) at source position r'.
V'×F(r') is the Curl of the vector field (F) at source position r'.

In order to calculate the vector potential (A) for the Hertzian Dipole shown above, we would integrate a
one-dimensional filament of current along the length of the antenna. The vector potential (A) can then
be used to determine the magnitude of the power flux density (S) produced in the far-field:

(3.9)
If you are interested in seeing how this works, take a look at this post:
https://mapleprimes.com/posts/213100-The-Friis-Transmission-Equation
If we were to separate the Hertzian Dipole current filament (I) into two separate current filaments, each
of I/2, then we would expect the far-field power spectral density to remain the same. Each current

filament would result in a far-field power flux density of S/4, and a magnetic field of H/2. The vector
sum of two such fields would yield H/2 + H/2 = H and so the resultant power flux density would be S as
expected.
The interesting thing to note is that according to this example, the antenna current has been reduced by 2
and not by the
that we assumed for power sharing in our simple array radiation pattern model.
A Folded Dipole is comprised of two, half-wave dipoles in close proximity and connected in series. The
dipole elements are sufficiently close together that the amplitude and phase of the far-field radiation
attributable to each of the two elements is identical and so the signals add in phase in all directions. In
order to calculate the vector potential (A) for the Folded Dipole, we would regard the antenna as being
equivalent to a single dipole with twice the antenna current.

Neglecting resistive (heating) loss, the input impedance of a Folded Dipole is equal to the radiation
power, the Folded Dipole element current will be half that of the Halfwave Dipole, exactly as we would
expect. The increase in impedance arises because the dipoles are sufficiently closely spaced that they
share the same electromagnetic field and this creates a strong mutual coupling effect.

Array radiation pattern - corrected for total radiated power

We know that for any given input power, an array of antenna elements must produce the same total
radiated power as an isotropic antenna. The array directs the power in a particular direction (or
directions) in the same way that the reflector in a flashlight directs the (essentially isotropic) radiation
from the torch bulb. Correcting for total radiated power provides a generalised approach that will work
for any array element type.
For an isotropic antenna, the power flux density at a distance (r) will be equal to the the total transmitted
power divided by the surface area of a sphere:

(4.1)
And so:
(4.2)
We can calculate the total power radiated by an array by integrating the power flux density over all solid

(4.3)
The constant (CurrentSquaredReduction) will be used to normalise radiated power. Strictly speaking the
reduction is related to the Vector Potential (A), but current will serve as a useful proxy and has meaning
in the context of the Hertzian Dipole and Folded Dipole examples above.
We know that the transmitter power (Ptx) must be same for both the isotropic antenna and for the
antenna array, so we can equate (4.2) and (4.3):

(4.4)
Re-arranging, we can solve for the CurrentSquaredReduction:

(4.5)
Because we have already defined the ElementPhasor in a way that is normalised against the field
generated by the isotropic antenna, we can use the correction factor to fix our original model with
Sisotropic set to unity.

Well spaced antenna elements

(4.6)
As expected, the correction factor is two, because power has between shared between two elements.
The elements are sufficiently far apart that the radiation resistance of each element is unchanged and so
each element will receive

of the current.

We see the expected doughnut shaped radiation pattern, with no radiation along the z-axis and with a
maximum gain of two in the x-y plane.

Closely spaced antenna elements
If we reduce spacing to

:

(4.7)
As expected, the correction factor now lies between the limit values of 2 and 4. In general, the limit
values will be n and n2 where (n) is the number of array elements.

The doughnut shaped radiation pattern is beginning to fill in and maximum gain is reducing.

Co-located antenna elements
If we reduce spacing to zero:

(4.8)
As expected, we see a correction factor of 4, consistent with our consideration of the Hertzian Dipole
and Folded Dipole.

We see the expected isotropic radiation pattern.

Visualisation
Having developed a working model, it is now convenient to use a procedure to calculate and to plot the
array radiation pattern.
Usage:
PlotArrayPattern(ElementType, A, B, C, d, Title)
Where:
ElementType - Array element type ("Isotropic", "Dipole" or HertzianDipole")
.

A
B
C
d

- Number of array elements in the x direction.
- Number of array elements in the y direction.
- Number of array elements in the z direction.
- Distance between array elements in the x,y and z

Title

- Plot title.

The array pattern is normalised so that the total radiated power is equal to the power that would be
radiated by a single isotropic radiator. The antenna pattern for the array element type is included in the
normalisation process, so it does not matter whether the array element antenna pattern is expressed in
terms of Directivity or Gain, both will be normalised to deliver the same array radiation pattern plot.
As well as plotting the array radiation pattern, the procedure also shows the relative position of array
antenna elements (in units of d). Isotropic antenna elements are represented as blue spheres and Dipole
antenna elements are represented as blue lines to show the orientation of the dipole along the z-axis.

Array element radiation patterns
(5.1.1)

(5.1.2)

(5.1.3)

Procedures
Some examples of antenna array radiation patterns

A 2x2 array of isotropic radiators

A 4x4 array of isotropic radiators
Fifth-generation (5G) cellular radio technology uses a New Radio (NR) air interface capable of
operating in two frequency bands: FR1 (below 6 GHz) and FR2 (at mmWave frequencies). In Europe,
FR2 systems will be deployed in the 24.25-27.50 GHz (26GHz) band. The path loss associated with the
use of this band will be higher than the path loss for the cellular bands commonly in use today.
According to the The Friis Transmission Equation, the free space path loss between two antennas is:

(5.3.1)
Where (Gtx) and (Grx) represent the gain of the antenna used for the transmitter and receiver respectively.
2

and so, all other things being equal, the path loss at
26GHz will be 209 times higher than the path loss at 1.8GHz (which is approximately in the middle of
most cellular bands currently in use). This will be an issue for networks that have been designed for
operation (at say 1.8GHz). An alternative to building more base-station sites would be to compensate
for this additional loss by increasing antenna gain. If we assume that we wish the gain to be the same at

both ends of the link, the required gain would be Gtx = Grx =

= 14.4.

One way to achieve the required gain would be to use steerable, beam-forming technology based on an
antenna array similar to the one in the following example (although the array elements would be quasiisotropic).

A 4x4x4 array of isotropic radiators (this one takes a while to
compute)
No practical use, but interesting.

A single Hertzian Dipole

A single half-wave dipole

Two half-wave Dipoles

A 2x2 array of half-wave dipoles

An array of four half-wave dipoles arranged along the z-axis (this
one takes a while to compute)
This configuration is colloquially referred to as a "four-stack" and is commonly used at VHF and UHF
Private Mobile Radio base-station sites:

