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by Matthew C. Anderson 

Abstract 

In this study, of the trinomial, f(n)=n^2+n+41, assume n is a positive integer.  I used Maple, 
computer algebra system, to calculate whether f(n) is a prime number, or a composite 
number, for n less than 1800.  Observe many parabolas in the data of the graph.  It turns out 
that the curve fit is exact. 

 

In number theory, assume n is a positive integer.  Let  

f(n)=n2+n+41.        (expression 1) 

It was shown by Legendre, in 1798 that if 0 ≤ n ≤ 40 then f(n) is a prime number.  Certain 
patterns become evident when considering points (a,n) where 

f(n) ≡ 0 modulo a.       (expression 2) 

The collection of all such points, up to the limit 1800, we are calling a “graph of discrete 
divisors”.  This graph has been, analytically, curve fit, exactly, with parabolas.  The 
parabolas are described by closed form expressions.  The parabolas are indexed (r,c) by 
pairs of relatively prime positive integers.  The expressions for the middle parabolas are 

p(r,c) = (c*x – r*y)2 – x*(c*x – r*y) – x + 41*r2    (expression 3) 

The restrictions on p(r,c) are that 0<r<c and gcd(r,c) = 1, where the greatest common divisor 
of two arguments is written gcd(r,c).  And all four of r, c, x, and y are integers. 

When we take the derivative of p(r,c) with respect to x and set this expression equal to zero, 
we obtain 

x = (163*m2)/4        (expression 4) 

where m is the x minimum of a given parabola 

Each such pair (r,c) yields (again determined by curve fit and by observation of “graph of 
discrete divisors”. )  And using Maple, computer algebra system for the coefficients of the 
parabolas, and there is one parabola per pair (r,c).  Calculations of parametric integer 
polynomials a*z2 + b*z + c, where the coefficients (a, b, and c) are determined for each 
parabola, which pass through data points in this “graph of discrete divisors”.  The first few 
(r,c) pairs are (2,1); (3,2); (3,1); (4,3); (4,1) and (5,4).  Again, r and c must be relatively prime 



numbers.  Further, the quartic f(a*z2 + b*z + c) will factor algebraically over the integers into 
two quadratic expressions.  We call this our “parabola conjecture”.  Certain structure of the 
“graph of discrete divisors” are due to elementary relationships between pairs of co-prime 
integers. 

We conjecture that all composite values of f(n) arise by substituting integer values of z into 
f(a*z2 + b*z + c), where this quartic polynomial factors algebraically over Z for a*z2 + b*z + c, 
which is a quadratic polynomial determined by a pair of relatively prime integers (r,c).  We 
are confident of this conjecture because of numerical evidence and the structure of the 
“graph of discrete divisors” produced by some computer code in our computer algebra 
system (Maple).  We call this our “no stray points conjecture” because all the points in the 
graph appear to lie on a parabola. 

We further conjecture that the minimum x-values for parabolas corresponding to (r,c) are 
given by expression 4.  The vertical lines are given by x = 163*m2/4 where m = 2, 3, 4, …  The 
numerical evidence seems to support this.  This is called our “parabolas line up 
conjecture”. 

Theorem 1 – Consider f(n) with n a positive integer.  Then f(n) never has an integer factor 
less than 41. 

We prove Theorem 1 with a modular construction.  We make a residue table of f(y) modulo 
x, with all the prime number divisors less than 41.  A form of the fundamental theorem of 
arithmetic states that any integer greater than one is either a prime number, or can be 
written as a unique product of prime numbers (ignoring the order of numbers).  So if our 
residue table never shows a prime factor less than 41, then by extension, f(n) never has a 
prime factor less than 41. 

For example, to determine that f(n) is never divisible by 2, note the first column of the 
residue table.  If n is even, then f(n) is odd.  Similarly, if n is odd, then f(n) is also odd.  In 
either case, f(n) does not have factorization by 2.  Since all integers are either even or odd, 
f(n) is never divisible by 2, when n is a positive integer. 

Also, for divisibility by 3, there are 3 cases to check.  They are n ≡ 0, 1, and 2 modulo 3.  f(0) 
modulo 3 is 2.  f(1) modulo 3 is 1 and f(2) modulo 3 is 2.  Since none of these results is 0, we 
have that f(n) is never divisible by 3.  This is the second column of the residue table. 

The number 0 is first found in the residue table for the cases f(0) modulo 41 and f(40) 
modulo 41.  We can see that 402 + 40 + 41 = 412.  This means that if n is congruent to 0 mod 
41 then f(n) will be divisible by 41.  What’s more is that these are the only two cases for 
divisibility by 41.  Similarly, if n is congruent to 40 modulo 41 then f(n) will also be divisible 
by 41. 



After the residue table, we observe a curve fit to our “graph of discrete divisors”, which has 
points when f(y) modulo x is divisible by x.  This is a perfect curve fit.  The points (x,y) can be 
seen in a data table, and on the graph. 

Thus, we have shown that f(n) never has an integer factor less than 41. 

Theorem 2  

Since f(a) = a2 + a + 41, we want to show that f(a) = f(-a-1). 

Proof of theorem 2 
Because q(a) = a*(a+1) + 41, 
Now q(-a-1) = (-a-1)*(-a-1+1) + 41. 
So, q(-a-1) = (-a-1)*(-a) + 41, 
And f(-a-1) = f(a). 
End of proof of theorem 2. 

Corollary 1 
Further, if f(b) modulo c ≡ 0 then q(c-b-1) modulo c ≡ 0 

We see that it is amazing that the data points all fall within an exact curve fit.  All the 
parabolas have integer coefficients. 

 

End first section 

  



This residue table shows divisibility restrictions on f(n). 
note     that the number 0 does not appear in most columns. 

 

 



Note that h(y) = f(y) = y2+y+41. 
Also, this “bifurcation graph” is also called a graph of discrete divisors. 

 

Similar graph, zoomed out some 



 

 

Note that all the points in this interesting graph fit on a given parabola. 

No stray points 



 

 

Excuse the white space 

 

That is good to know. 
Maple is a useful tool. 



 

This curve fit took some effort.  Some manual, some computer aided 



 

 

Pretty graph 



 

Glad you are still reading 



 

 

That is a lot to read. 



 



 

 

It is interesting.  There are patterns, man. 



 

 

This represents efforts. 

  



But enough about  
f(n) = n2+n+41. 

Let us look at a new trinomial 

n2+n+17. 

 

Okay 



 

Good fun 



 

Have a good day. 


